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ON ABSTRACT HOMOMORPHISMS OF ALGEBRAIC GROUPS
PRALAY CHATTERJEE
Abstract. In this paper we study abstract group homomorphisms between the groups of ratio-
nal points of linear algebraic groups which are not necessarily reductive. One of our main goal
is to obtain results on homomorphisms from the groups of rational points of linear algebraic
groups defined over certain specific fields to the groups of rational points of linear algebraic
groups over number fields and non-archimedean local fields of characteristic zero; in this set-up
we deal with the unexplored topic of abstract homomorphisms from the groups of rational points
of anisotropic groups over non-archimedean local fields of characteristic zero. We also obtain
results on abstract homomorphisms from unipotent and solvable groups, and prove general re-
sults on the structures of abstract homomorphisms using the celebrated result of Borel and Tits
in this area and a well-known theorem due to Tits on the structure of the groups of rational
points of isotropic semisimple groups.
1. Introduction
Let G1 and G2 be linear algebraic groups defined over fields L1 and L2, respectively, and
let G1(L1) and G2(L2) be the corresponding groups of rational points. In this paper we are
concerned with the structures and images of abstract group-homomorphisms φ : G1(L1) →
G2(L2), when the algebraic groups G1, G2 are not necessarily reductive. The endeavour to
understand abstract homomorphisms as above originated in the works of O. Schreier and B. L.
van der Waerden [Sc-V] dating back to 1928 and culminated in the milestone results due to A.
Borel and J. Tits in 1973, which describes their structures under the assumptions that G1, G2
are absolutely simple, G1 is L1-isotropic and that φ(G1(L1)) is Zariski-dense in G2 (see Theorem
2.2 or [B-T, Theorem A]). Since the work of Borel and Tits many important new results and
generalizations have emerged; see [C], [S], [W1] for some of the advances in the recent past, [W2]
for an overview and [J-W-W] for a collection of problems. Although the emphasis in the area
seems to have been around the important case when both G1 and G2 are semisimple, in [B-T]
itself the non-semisimple situations were discussed, and it was pointed out through a general
construction in [B-T, §8.18, (b)] that G2 may acquire a non-trivial unipotent radical even if G1
is semisimple and φ(G1(L1)) is Zariski-dense in G2. Subsequently, a conjecture was formulated
in [B-T, §8.19] regarding the structure of such homomorphisms for general G2 under the same
Zariski density condition. A proof of the conjecture is sketched by Tits (see [T2]) in the special
case when L1 = L2 = R, and later it was confirmed in [L-R] with the additional hypothesis
that the characteristic of L1 is zero, G1 is L1-split, absolutely simple, simply connected and
that the unipotent radical of G2 is commutative. Very recently, along the same direction,
significant results are obtained in [Ra, Theorem 6.7] considering abstract homomorphisms from
the elementary subgroups of the groups of R-points of universal Chevalley-Demazure group
schemes where R is a commutative ring with 1.
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Despite many contributions as above not much literature is available on the abstract homo-
morphisms from the groups of rational points of unipotent algebraic groups, solvable algebraic
groups, anisotropic semisimple groups, or general algebraic groups which are not necessarily
reductive. While some of these questions in their full generality are very hard, one of our main
goals in this paper is to consider them in the specific set-up when L2 is either finite extensions of
Q or Qp and L1 is either R, or an algebraically closed field, or Ql (l 6= p), and describe the images
φ(G1(L1)) using our results in [Ch1] on divisibility, orders and exponentiality in p-adic algebraic
groups; see Theorem 1.5, Theorem 1.6, Corollary 1.7, Theorem 1.8, Theorem 1.9, Theorem 1.10
and Theorem 1.11. Further, the Theorem 1.10 deals with abstract homomorphisms involving
anisotropic groups which were unexplored before in the above context. On the other hand, we
establish results on abstract homomorphisms between the groups of rational points of unipotent
groups; see Theorem 1.1, Corollary 1.2 and Theorem 1.3. We also obtain general results on the
structure of abstract homomorphisms appealing to the above mentioned landmark Theorem 2.2
of A. Borel and J. Tits and the consequence Theorem 2.3 (4) of a fundamental result [T1, Theo-
rem A] due to J. Tits; see Proposition 5.1, Corollary 5.2, Corollary 5.3, Corollary 5.5, Corollary
5.6 and Theorem 1.4.
We now describe some of our main results. We refer to §2 for the explanations on notation
and terminologies used hereafter. Henceforth, in this paper, we fix a prime number p and K will
denote a number field or a finite a extension of Qp.
Our first main result is on abstract homomorphisms φ : U(L1) → U˜(L2), where U and U˜
are unipotent groups over fields L1 and L2, respectively, of characteristic zero. We note that if
U, U˜ are non-trivial unipotent groups as above then it is always possible to construct non-trivial
abstract homomorphisms from U(L1) to U˜(L2) where the image is abelian; this can be easily
done as U(L1)/[U(L1), U(L1)] is isomorphic to the additive group of a non-zero finite dimensional
vector space over L1. Moreover, as explained in Remark 4.2, if there is a ring homomorphism
from L1 to a finite dimensional algebra over L2 (or, equivalently, to a matrix algebra over L2)
then the group of rational points of any unipotent group over L1 can be embedded in the group
of L2-rational points of another unipotent group over L2. The following result handles the
opposite case when L1 never embeds in any finite dimensional algebra over L2, and establishes
that, in this case, with U, U˜ as above, the image of any abstract homomorphism from U(L1) to
U˜(L2) has to be abelian, forcing the first typical situation mentioned above.
Theorem 1.1. Let L1,L2 be fields with CharL1 = CharL2 = 0 such that, for all n, the only
ring-homomorphism, from L1 to the ring Mn(L2) of n × n matrices over L2, is the trivial zero
homomorphism. Let U and U˜ be unipotent groups over the fields L1 and L2, respectively. Then
for any abstract homomorphism φ : U(L1)→ U˜(L2) the image φ(U(L1)) is abelian.
We show in Lemma 4.4 that the field of real numbers R, any algebraically closed field L with
CharL = 0 and the fields Ql, for primes l 6= p, can never be embedded in a matrix algebra over
Qp, satisfying the hypothesis of Theorem 1.1. Thus the following corollary follows immediately
from Theorem 1.1, Theorem 3.2 and Lemma 4.4 (and hence the proof is omitted).
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Corollary 1.2. Let G be a linear algebraic group defined over K. Let L be either an algebraically
closed field with CharL = 0 or the field of real numbers R or a finite extension of Ql for some
prime l 6= p, and let U be a unipotent group over L. Then for any abstract homomorphism
φ : U(L)→ G(K) the subgroup Zclφ(U(L)) is abelian and unipotent.
In view of the above considerations on abstract homomorphisms involving unipotent groups
it is now appropriate to mention the Corollary 3.8 where we prove that if L1,L2 are number
fields, U is a unipotent algebraic group over L1 and G is an algebraic group over L2 then any
abstract homomorphism from U(L1) to G(L2) is essentially an “algebraic” one.
In the same spirit as of Theorem 1.1, our next result deals with abstract homomorphisms from
the group of rational points of unipotent groups to abstract groups with cardinality strictly less
than that of the underlying field over which the unipotent group is defined.
Theorem 1.3. Let H be an abstract group and let L be field with CharL = 0. Further assume
that cardinality of L is strictly greater than that of H. Then for any unipotent group U , defined
over L, and for any abstract homomorphism φ : U(L)→ H the image φ(U(L)) is abelian.
Let L be a field with CharL = 0 such that the cardinality of L does not exceed that of C, and
H be an algebraic group over L. We next see how easily one constructs abstract embeddings of
H(L) into the groups of rational points of certain algebraic groups, associated to H, which are
defined over C and R. Fixing an embedding α : L→ C we produce the algebraic group αH over
α(L), by performing on H a base change from L to α(L), and assign the natural Zariski-dense
embedding α0 : H(L) → αH(C) induced by α; see §2 for the definition of α0. Now the Weil
restriction RC/R(αH) of αH, which identifies RC/R(αH)(R) and αH(C), in turn yields another
Zariski-dense embedding of H(L) in RC/R(αH)(R). In the following Theorem 1.4 we show that,
if H is further assumed to be absolutely simple and G1, G2 are arbitrary algebraic groups over C
and R, respectively, then arbitrary non-trivial abstract homomorphisms from H+(L) to G1(C)
or G2(R) are closely related to the above construction. See §2 for the relevant notation used in
the next result.
Theorem 1.4. Let L be a field with CharL = 0 and let H be an algebraic group over L which is
L-isotropic and absolutely simple. Let H+(L) be the group generated by the unipotent elements
of H(L).
(1) Let G1 be an algebraic group over C. Then for any non-trivial abstract homomorphism
φ : H+(L) → G1(C) there exists an embedding α : L → C and a surjective algebraic
group homomorphism µ : Zclφ(H+(L)) → αH/Z(αH) (over C) such that µ ◦ φ = δ ◦ α0
where δ : αH → αH/Z(αH) is the quotient homomorphism. In particular, we have
dim(G1/R(G1)) ≥ dimH, where R(G1) is the solvable radical of G1.
(2) Let G2 be an algebraic group over R. Moreover, if L does not embed in R then for
any non-trivial abstract homomorphism φ : H+(L) → G2(R) there exists an embed-
ding α : L → C and a surjective algebraic group homomorphism µ : Zclφ(H+(L)) →
RC/R(αH/Z(αH)), over R, such that π ◦ µ ◦ φ = δ ◦ α0 where δ : αH →αH/Z(αH) is the
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quotient homomorphism and π : RC/R(αH/Z(αH)) → αH/Z(αH) is the natural projec-
tion over C which induces an isomorphism π : RC/R(αH/Z(αH))(R)→ αH/Z(αH)(C) of
abstract groups. In particular, we have dim(G2/R(G2)) ≥ 2dimH, where R(G2) is the
solvable radical of G2.
Recall that the field Qp embeds in C but not in R, and thus we may apply the above result
by specifying L = Qp.
The proof of Theorem 1.4 is obtained by applying a very general result formulated in Propo-
sition 5.1. Natural consequences of Proposition 5.1 are then derived in Corollaries 5.2, 5.3, 5.5
and 5.6 which are interesting in their own right. We note that with certain restrictions involving
the underlying fields, Corollary 5.3 substantially generalises the results [Che, Theorem 1] and
[Che, Corollary 2.6]; see Remark 5.4. The proof of Proposition 5.1 follows by appealing to the
Theorem 2.2 of A. Borel and J. Tits and Theorem 2.3 (4) due to J. Tits. However, the hypothe-
ses in Proposition 5.1 and Corollaries 5.2, 5.3, 5.5, 5.6 are much weaker than that in Theorem
2.2 as they neither demand the range to be semisimple nor do they require the image to be
Zariski-dense in the range. Consequently, the above corollaries expand the scope of application
of Theorem 2.2. Thus, given the importance of Theorem 2.2, it is very surprising that these
results could not be found, to the best of our knowledge, in the existing literature.
The Theorem 1.4 above which deals with abstract homomorphisms with range as the groups
of rational points of algebraic groups over C and R naturally motivates our next goal of studying
abstract homomorphisms with range as the groups of rational points of algebraic groups over
K, instead of C or R, and from the following results it will be evident that the behaviour of
abstract homomorphisms in this setting will be in stark contrast with that in the previous one.
The following result deals with the abstract homomorphisms from the groups of rational points
of solvable algebraic groups.
Theorem 1.5. Let G be a linear algebraic group defined over K. Let L be a field, B be a
(Zariski-)connected solvable group over L and φ : B(L)→ G(K) be an abstract homomorphism.
(1) If L is algebraically closed with CharL = 0 then Zclφ(B(L)) is unipotent abelian.
(2) If L = R then Zclφ(B(R)) is abelian. Moreover, if B(R)∗ denotes the connected compo-
nent of B(R) in the topology induced by R then Zclφ(B(R)∗) is unipotent and abelian.
(3) If l is a prime with l 6= p, L = Ql and B is Ql-split then Zclφ(B(Ql)) is abelian.
The proof of Theorem 1.5 is obtained using Proposition 4.7 along with results from [B-S] and
Corollary 1.2.
In the above set-up we next turn our focus to abstract homomorphisms from the groups
of rational points of algebraic groups which are not necessarily solvable. The following result
describes the images of abstract homomorphisms from general real Lie groups.
Theorem 1.6. Let G be a linear algebraic group defined over K. Let H be a connected real
Lie group and φ : H → G(K) be an abstract homomorphism. Then Zclφ(H) is a unipotent
subgroup of G. Moreover, if H ′ is an algebraic group defined over R and if H := H ′(R)∗ is the
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connected component of H ′(R) in the topology induced by R then Zclφ(H) is a unipotent and
abelian subgroup of G.
As an immediate consequence we record the following corollary.
Corollary 1.7. Let G be a linear algebraic group defined over K. Let H be a connected real Lie
group and φ : H → G(K) be an abstract homomorphism. If H is perfect then φ is trivial. In
particular, if H is real semisimple then φ : H → G(K) is trivial.
We next describe images of abstract homomorphisms from an algebraic group over an alge-
braically closed field.
Theorem 1.8. Let G be a linear algebraic group defined over K. Let H be a connected algebraic
group over an algebraically closed field L and φ : H → G(K) be an abstract group homomorphism.
(1) If CharL = 0 then Zclφ(H) is a unipotent abelian subgroup of G.
(2) If H is semisimple and L is of any characteristic then φ is trivial.
We note that Theorem 1.8 generalises [K-M, Theorem A and Corollary A].
Let now l be a prime with l 6= p. The following results are devoted to studying the images of
abstract homomorphisms from the groups of rational points of algebraic groups over Ql to the
groups of rational points of algebraic groups over K. Th following theorem deals with abstract
homomorphisms from the groups of rational points of Ql-isotropic semisimple algebraic groups,
for a prime l 6= p.
Theorem 1.9. Let G be a linear algebraic group defined over K. Let l be a prime number with
l 6= p. Let H be a semisimple group over Ql which does not have any Ql-anisotropic factor and
let φ : H(Ql)→ G(K) be an abstract group homomorphism. Then φ(H+(Ql)) = e.
(1) If H is further assumed to be simply connected then φ(H(Ql)) = e.
(2) Moreover, φ(H(Ql)) is a finite abelian subgroup of G(K).
If K is a finite extension of Qp, as both H(Ql) and G(K) are locally compact groups, we may
consider continuous homomorphism φ : H(Ql) → G(K) . In [M, Proposition 2.6.1 (ii)] it is
proved that if l 6= p and H is a (connected) simply connected semisimple group over Ql without
any Ql- anisotropic factor then any continuous homomorphism φ : H(Ql) → G(K) is trivial.
Thus, as continuity of φ is not assumed, Theorem 1.9 (1) can be regarded as a generalization of
[M, Proposition 2.6.1 (ii)].
Abstract homomorphisms from the groups of rational points of anisotropic groups are much
less understood as, in the absence of non-trivial unipotent elements, they defy techniques applied
to the isotropic ones. Continuing in the same set-up as above we next consider the almost
unexplored topic of abstract homomorphisms from the groups of rational points of anisotropic
groups over Ql, for a prime l 6= p. As the group of rational points of an absolutely simple, simply
connected and Ql-anisotropic group is isomorphic to SL1(D) for some central division algebra
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D over a finite extension of Ql, the case of SL1(D) is the essential one that needs to be handled.
Invoking results from [Ch1] we accomplish this in the following theorem.
Theorem 1.10. Let G be a linear algebraic group defined over K. Let l be a prime number with
l 6= p. Let D be a central division algebra over a finite extension L of Ql. Let r be the degree of
the residue field of L over the residue field of Qp and let d =
√
dimLD. Let φ : SL1(D)→ G(K)
be an abstract group homomorphism. Then the image φ(SL1(D)) is a finite solvable group with
cardinality dividing an integer of the form (1 + lr + · · ·+ (lr)d−1)lm, for some integer m.
Our final result, which deals with abstract homomorphisms from the groups of rational points
of general algebraic groups over Ql, for primes l 6= p, to the groups of rational points of algebraic
groups over K, is proved combining Theorem 1.9, Theorem 1.10 and Corollary 1.2..
Theorem 1.11. Let G be a linear algebraic group defined over K. Let l be a prime number with
l 6= p. Let H be an connected algebraic group over Ql and φ : H(Ql) → G(K) be an abstract
group homomorphism.
(1) If H is semisimple then φ(H(Ql)) is a finite solvable subgroup of G(K).
(2) If H is any algebraic group then Zclφ(H(Ql)) is a solvable algebraic group. Moreover,
if H/Ru(H) is semisimple then Zclφ(H(Ql)) is a semidirect product of a finite solvable
group and an abelian unipotent radical.
The paper is organised as follows. In §2 we fix some standard notations and recall some
well-known results. In §3 we derive some preliminary results, Proposition 3.5 and Corollary
3.8, mostly using results from [Ch1]. In §4 we deal with homomorphisms from unipotent and
solvable groups, and Theorem 1.1, Lemma 4.4, Corollary 1.2, Theorem 1.3, Proposition 4.7 and
Theorem 1.5 are proved. In §5 we prove Proposition 5.1, Corollary 5.2, Corollary 5.3, Corollary
5.5, Corollary 5.6, Theorem 1.4, Theorem 1.6, Theorem 1.8, Theorem 1.9, Theorem 1.10 and
Theorem 1.11.
2. Notation and background
In this section we fix the notations, definitions, recall some standard facts and collect some
well-known results, which will be used throughout this paper; a few specialized ones are men-
tioned as and when they are required later. The reader is referred to [Sp] for generalities in the
theory of algebraic groups.
In this paper, as mentioned in §1, we fix a prime number p and K will always denote a number
field or a finite a extension of Qp.
The cardinality of a set S is denoted by |S|. For a field L we always fix an algebraic closure
which is denoted by L. We denote the characteristic of the field L by CharL. For a pair of
abelian groups A1, A2 the set of homomorphisms from A1 to A2, which also acquires a natural
abelian group structure, is denoted by Hom+(A1, A2).
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The center of a group G is denoted by Z(G). For a group G and a subset Λ ⊂ G we denote
the subgroup of elements commuting with all the elements of Λ, by ZG(Λ). For an algebraic
group (or a real Lie group) E let L(E) denote its Lie algebra. If G is an algebraic group (or
a Lie group) and Λ ⊂ L(G) then we denote the subgroup of elements of G which fix all the
elements of Λ via the adjoint representation, by ZG(Λ). If V is an algebraic variety then the
Zariski closure of a subset W ⊂ V in V is denoted by ZclW . The Zariski connected component
of identity in an algebraic group G is denoted by G0. If H is a real Lie group the connected
component of identity of H, in the real topology, is denoted by H∗ (this non-standard notation
is introduced to avoid confusion with the Zariski connected component). For an algebraic group
G the solvable radical and the unipotent radical are denoted by R(G) and Ru(G), respectively.
If G is a real Lie group we continue to denote the solvable radical by R(G).
If G is an algebraic group and x ∈ G then in the Jordan decomposition of x ∈ G (resp.
X ∈ L(G)) the semisimple and the unipotent (resp. nilpotent) parts of x (resp. X) are denoted
by xs and xu (resp. Xs and Xn) respectively. If G is an algebraic group defined over a field
L then the Lie algebra L(G) acquires a L-structure compatible with the L-structure of G; the
group L-rational points in G and the L-Lie subalgebra of L-rational points in L(G) are denoted
by G(L) and L(G)(L), respectively. For an algebraic group G, defined over L, the variety of
unipotent elements of G and the variety of nilpotent elements of L(G) are both defined over
L and we denote them by UG and NG, respectively. Moreover, if CharL = 0 then there is a
exponential map expG : NG → UG which is a L-isomorphism of L-varieties. As there is no scope
for confusion, in the case when G is a real Lie group, the usual exponential map from the Lie
algebra L(G) to G is also denoted by expG. For a field L1, a finite separable extension L2 of L1
and a linear algebraic group A defined over L2, the Weil restriction of A over L1 is denoted by
RL2/L1(A). Recall that there is a natural projection homomorphism, say, π : RL2/L1(A) → A,
defined over L2, which induces an isomorphism π : RL2/L1(A)(L1)→ A(L2) of abstract groups.
Let A be an algebraic group defined over R. We recall a more refined version of Jordan
decomposition, called the complete Jordan decomposition, available in the group A(R) and in
the Lie algebra L(A(R)). The reader is referred to [B1, Proposition 2.4] and [H, Theorem 7.2,
p. 431] for details. An element e ∈ A(R) (resp. E ∈ L(A(R))) is said to be compact or elliptic
if e (resp. expA(R)(E)) lies in a compact subgroup of A(R). Observe that a compact element
is necessarily semisimple. A semisimple element h ∈ A(R) (resp. H ∈ L(A(R))) is said to be
hyperbolic if h ∈ T (R)∗ (resp. H ∈ L(T (R)∗)) for some R-split torus T of A. For a semisimple
element s ∈ A(R) (resp. S ∈ L(A(R))), there is a unique pair of elements se (resp. Se) and
sh (resp. Sh) in A(R) (resp. in L(A(R))) such that se (resp. Se) is compact, sh (resp. Sh) is
hyperbolic and s = sesh = shse (resp. S = Se + Sh). For x ∈ A(R) (resp. X ∈ L(A(R))),
the element (xs)e (resp.(Xs)e) will be denoted by xe (resp. Xe). Similarly the element (xs)h
(resp.(Xs)h) will be denoted by xh (resp. Xh). The positive part of x (resp. X), which is
defined to be xhxu (resp. Xh +Xn), is denoted by xp (resp. Xp). An element y ∈ A(R) (resp
Y ∈ L(A(R)) is said to be positive if y = yhyu (resp. Y = Yh + Yn). Thus we have the complete
Jordan decomposition in A(R) (resp. L(A(R))) as follows. For all z ∈ A(R) (resp. Z ∈ L(A(R))),
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there is a unique mutually commuting triplet ze, zh, zu ∈ A(R) (resp. Ze, Zh, Zn ∈ L(A(R))) such
that ze (resp. Ze) is compact, zh (resp. Zh) is hyperbolic, zu is unipotent (resp. Zn is nilpotent)
and z = zezhzu (resp. Z = Ze +Zh + Zn). Moreover, written differently, for all z ∈ A(R) (resp.
Z ∈ L(A(R))), there are commuting elements ze, zp ∈ A(R) (resp. Ze, Zp ∈ L(A(R))) such that
ze (resp. Ze) is compact, zp (resp. Zp) is positive and that z = zezp (resp. Z = Ze + Zp). We
will denote the set of positive elements in A(R) (resp. L(A(R))) by PA(R) (resp. PL(A(R))). We
need the following lemma.
Lemma 2.1. (cf. [Ch2, Lemma 3.2]) Let G be a linear algebraic group defined over R. Then
the exponential map expG(R) : PL(G(R)) → PG(R) is a bijection. In particular, if g ∈ G(R) and
X ∈ PL(G(R)) then g exp(X)g−1 = exp(X) if and only if Ad(g)X = X.
For a semisimple algebraic group G over a field L, let G+(L) denote the subgroup of G(L)
generated by the subgroups Ru(P )(L) where P varies among all the L-parabolic subgroups of
G. Recall that G+(L) is a normal subgroup of G(L), and moreover, G+(L) coincides with the
group generated by the unipotent elements of G(L) when L is perfect. Let L1,L2 be fields and
let α : L1 → L2 be a field homomorphism. Let A be an algebraic group defined over L1, and
let αA be the algebraic group defined over the field α(L1) obtained from A by changing the base
to α(L1) from L1. We denote the abstract group homomorphism from A(L1) to
αA(L2), induced
from α : L1 → L2, by α0 : A(L1)→ αA(L2). We now recall the celebrated result of A. Borel and
J. Tits on abstract homomorphism of algebraic groups.
Theorem 2.2. (Borel-Tits, [B-T, Theorem A]) Let L1,L2 be infinite fields. Let G1 and G2 be
algebraic groups defined over L1 and L2, respectively. Let H ⊂ G1(L1) be a subgroup containing
G+1 (L1) and let φ : H → G2(L2) be an abstract homomorphism of groups. Assume that
(1) G1 is L1-isotropic.
(2) G1 and G2 are absolutely simple.
(3) either G1 is simply connected or G2 is adjoint.
(4) G2 6= 1 and Zclφ(G+1 (L1)) = G2.
Then there exists a unique field homomorphism α : L1 → L2, an isogeny β : αG1 → G2 of
L2-algebraic groups and a group homomorphism τ : H → Z(G2)(L2) such that
φ(g) = τ(g)β(α0(g)), for all g ∈ G1(L1).
We now collect certain well-known facts regarding the subgroup G+(L) in the case when G
is semisimple.
Theorem 2.3. Let L be a field and let G be a semisimple algebraic group over L. Assume
further that G has no L-anisotropic factors.
(1) (cf. [P-R, p. 406]) If CharL = 0 and π : G˜→ G is a (algebraic) covering homomorphism
over L then π(G˜+(L)) = G+(L).
(2) (cf. [M, Theorem 2.3.1, p. 52]) G(L)/G+(L) is a finite abelian group.
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(3) (Platonov, cf. [M, Theorem 2.3.1, p. 52]) If L is a non-archimedean local field and G is
simply connected then G(L) = G+(L).
(4) (Tits [T1]) If |L| ≥ 4 and G is L-simple then [G+(L), G+(L)] = G+(L).
We recall that (3) of Theorem 2.3 is regarded as Kneser-Tits conjecture which was proved by
V. Platonov, and (4) is a immediate consequence of the main theorem of the paper [T1] by J.
Tits.
We now state the well-known Jacobson-Morozov theorem.
Theorem 2.4. (Jacobson, Morozov, cf. [Wi, Lemma 2.8]) Let L be a field with CharL = 0 and
let G be a semisimple algebraic group over L. Let u ∈ G(L) be a unipotent element. Then there
is a L-homomorphism δ : SL2(L)→ G such that
δ(
(
1 1
0 1
)
) = u.
The following basic result on the structure of G(L), where L is a non-discrete locally compact
field and G is a L-simple group, is due to C. Riehm and it will be used in the last section.
Theorem 2.5. (Riehm [Ri], cf. [P-R, Theorem 3.3, p. 114]) Let L be a non-discrete locally
compact field with CharL = 0 and G be a L-simple algebraic group. Then every non-central
normal subgroup of G(L) is open in G(L).
Finally, we need some facts associated to profinite groups; see [R-Z] for generalities. A
topological group G is called profinite if it is compact and totally disconnected. Such a group
is topologically isomorphic to a projective limit of finite groups. Moreover, a profinite group is
called prosolvable if it is the projective limit of finite solvable groups. A supernatural number
is a formal infinite product
∏
pn(p), over all primes p, where n(p) is a non-negative integer or
infinity. Product, divisibility, l.c.m and g.c.d of a set (possibly infinite) of supernatural numbers
are defined in the natural way. In particular, l.c.m of an infinite set of integers is a supernatural
number. We now define the order, Ord(G) of a profinite group G by,
Ord(G) = l.c.m{|G/U | : U is an open subgroup of G}
Thus, if G is a profinite group then Ord(G) is a supernatural number. A profinite group G is
called a pro-p group if p is the only prime which divides Ord(G). We need the following results
from [R-Z].
Theorem 2.6. (cf. [R-Z, Proposition 4.2.1, p. 124]) Let G be a profinite group and let N be a
subgroup (not necessarily closed) of G of finite index. Then the index [G : N ] divides Ord(G).
Theorem 2.7. (cf. [R-Z, Corollary 4.2.2, p. 125]) Let G be a prosolvable group and let N be
a normal subgroup (not necessarily closed) of G of finite index. Then G/N is a finite solvable
group.
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3. Preliminary results
In this section we deduce some preliminary results which will be used in the subsequent
sections. For a group H let Pn : H → H denote the n-th power map defined by Pn(h) = hn, h ∈
H. Recall that, for an algebraic group G, the variety of unipotent elements of G is denoted UG
and that throughout the paper K stands for a number field or a finite extension of Qp for a fixed
prime p.
We require the following key results from [Ch1].
Theorem 3.1. ([Ch1, Theorem 1.5, Corollary 1.6, Theorem 6.2]) Let G be a linear algebraic
group defined over K.
(1) Let α ∈ G(K) be a semisimple element with α ∈ ⋂∞n=1 Ppn(G(K)) then the cyclic subgroup
generated by α is finite and its order is relatively prime to p.
(2)
∞⋂
n=1
Pn(G(K)) = UG(K).
(3) Let φ : Q → G(K) be an abstract group homomorphism from the additive group of
rational numbers to G(K). Then there is a nilpotent element X ∈ L(G)(K) such that
φ(t) = expG(tX), for all t ∈ Q.
The proofs of the above results are given for the cases K = Qp,Q in [Ch1, Theorem 1.5,
Corollary 1.6, Theorem 6.2]. However, as mentioned in [Ch1, Remark 6.3], similar proofs carry
over when K is a finite extension of either Q or Qp.
We will now record some immediate applications of the above results.
Theorem 3.2. Let G be a linear algebraic group defined over K. Let H be an abstract group
and φ : H → G(K) be an abstract group homomorphism. Let h be a divisible element in H.
Then φ(h) is a unipotent element in G(K). In particular, if H is an algebraic group defined over
a field L with CharL = 0 and u ∈ H(L) is a unipotent element then so is φ(u). Consequently,
if U is a unipotent group over L and φ : U(L) → G(K) is an abstract homomorphism then
Zclφ(U(L)) is a unipotent group.
Proof. Let h be a divisible element in H. Then so is φ(h) in G(K). Hence, using Theorem 3.1,
φ(u) ∈
⋂
n
Pn(G(K)) = UG(K).
Thus φ(u) ∈ G(K) is unipotent.
Now to prove the second assertion, we first see that, as u ∈ H(L) is unipotent, u lies in a one
dimensional unipotent L-subgroup U of H. The proof is concluded by applying the first part
and noting that, as U(L) is isomorphic to the additive group L, the element u is divisible in
H(L). The last statement follows immediately from the second one. ✷
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Remark 3.3. Let G1, G2 be algebraic groups over fields L1 and L2, respectively. Let φ :
G1(L1) → G2(L2) be an abstract homomorphism and u ∈ G1(L1) be a unipotent element.
Assuming L1 to be infinite and G1 to be semisimple it was proved in [B-T, Proposition 7.2 (i)]
that φ(u) is a unipotent element in G2(L2). However, if we replace L2 by the field K, as in
Theorem 3.2, and if L1 is a field with CharL1 = 0 then for any general algebraic group G1, not
necessarily semisimple, it follows that φ(u) is a unipotent element in G2(K). This follows easily
using Theorem 3.2 and the fact that u is a divisible element in G1(L1).
We omit the proof of the next corollary as the proof is easily obtained from Theorem 3.1 (2).
Corollary 3.4. Let G be a linear algebraic group defined over K. Further assume that G has
a Levi K-subgroup which is K-anisotropic. Let M be a perfect group generated by divisible
elements then any abstract homomorphism φ : M → G(K) is trivial. In particular, if L is
field with CharL = 0 and H is a semisimple algebraic group defined over L then any abstract
homomorphism φ : H+(L)→ G(K) is trivial.
The following proposition will be used in the proofs of Proposition 4.7 and Theorem 1.10.
Proposition 3.5. Let G be a linear algebraic group defined over K. Let H be an abstract group
which is p-divisible and φ : H → G(K) be an abstract group homomorphism. Then there is a
unipotent K-subgroup U of G and a finite p-divisible subgroup F of G(K) such that F normalises
U and φ(H) ⊂ FU(K). Moreover, F can be chosen so that π(φ(H)) = F , where π : FU → F
denotes the natural projection homomorphism from the K-subgroup FU .
Proof. We first observe that that there is a positive integer r such that if Γ ⊂ G(K) is any
finite subgroup then |Γ| divides r. Note that as K is either a finite extension of Q or a finite
extension of Qp, for some prime number p, using the Weil restriction functor, we may always
embed G(K) in G′(Qp) where G
′ is an algebraic group defined over Qp. Hence to prove it is
enough to assume that K = Qp. Now an argument, using [Se1, Theorem 1, p. 124], as given in
the proof of [Ch1, Lemma 5.3] implies the above assertion.
We next K-embed G in a suitable GLn(K) which is equipped with the usual K-structure so
that group of K-points is GLn(K). Now as every element of H is p-divisible one has
φ(H) ⊂
∞⋂
n=1
Ppn(G(K)).
Using Theorem 3.1 it follows that if h ∈ H then φ(h)s is of finite order which is relatively
prime to p. We now appeal to the above fact to conclude that there is a integer l, relatively
prime to p, such that the order of the element φ(h)s divides l. In particular, as matrices in
GLn(K), each element φ(h) for h ∈ H satisfy the equation :
(φ(h)l − Id)n = 0.
In particular, all the semisimple elements in Zclφ(H) are of finite order and moreover, the
order of each semisimple elements divide the integer l. Let F be a Levi K-subgroup of Zclφ(H).
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This implies that Zclφ(H) = FRu(Zclφ(H)) where the product on the right hand side is a
semidirect product. Since all semisimple elements of F are of finite order it follows that F
is a finite group. We set U := Ru(Zclφ(H)). Let π : FU → F be the natural projection
homomorphism as in the statement of the theorem. If A := π(φ(H)) then A ⊂ F (K). Moreover,
φ(H) ⊂ A(U(K)). As A is finite Zclφ(H) = AU . Thus AU = FU and in particular A = F .
This completes the proof. ✷
Let A be an abelian group and L be a field. Recall that, considering L as a group under the
addition, the space of group homomorphisms from A to L is denoted by Hom+(A,L).
We will need the next lemma which is easy to prove.
Lemma 3.6. Let A be an abelian group and L be a field such that CharL = 0. Let U be a unipo-
tent group over L and φ : A→ U(L)) be an abstract group homomorphism. Let X1, · · · ,Xn be a
L-basis of Lie algebra L(Zclφ(A))(L). Then there are finitely many homomorphisms λ1, · · · , λn
in Hom+(A,L) such that, for all t ∈ A,
φ(t) = expU (
n∑
i=1
λi(t)Xi).
Proof. As Zclφ(A) is abelian and U is unipotent the exponential map expU : L(Zclφ(A)) →
Zclφ(A) is a L-isomorphism of the abelian groups L(Zclφ(A)) and Zclφ(A). It is clear that there
exist functions λi : A→ L, i = 1, · · · , n such that φ(t) = expU (
∑n
i=1 λi(t)Xi), for all t ∈ A. As
expU : L(Zclφ(A))→ Zclφ(A) is a L-isomorphism it follows immediately that λi ∈ Hom+(A,L),
for all i = 1, · · · , n. ✷
Corollary 3.7. Let G be a linear algebraic group defined over K. Let A be an abelian divisible
group. Let φ : A → G(K) be an abstract group homomorphism from the group A to the group
G(K). Then there exists K-linearly independent nilpotent elements X1, · · · ,Xn in L(G)(K) with
[Xi,Xj ] = 0, for all i, j, and finitely many homomorphisms λ1, · · · , λn in Hom+(A,K) such
that, for all t ∈ A,
φ(t) = expG(
n∑
i=1
λi(t)Xi).
Proof. We first use Theorem 3.2 to see that U := Zclφ(A) is a unipotent subgroup of G(K)
over K. It is immediate that U is an abelian group. We now apply Lemma 3.6 to conclude the
proof. ✷
We next record an immediate application of the above result.
Corollary 3.8. Let L1 and L2 be finite extensions of Q, and let U and G be algebraic groups
over L1 and L2, respectively. Assume that U is unipotent. Let φ : U(L1)→ G(L2) be an abstract
group homomorphism.
(1) If L1 = L2 = Q then there is a unique algebraic Q-homomorphism ψ : U → G such that
φ is the restriction of ψ to U(Q).
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(2) There exists a unique Q-homomorphism ψ′ : RL1/Q(U) → RL2/Q(G) such that φ(x) =
π2 ◦ ψ′ ◦ π1−1(x), x ∈ U(L1), where π1 : RL1/Q(U) → U is the natural projection over
L1 inducing an isomorphism of groups π1 : RL1/Q(U)(Q) → U(L1) , and analogously,
π2 : RL1/Q(G)→ G is the natural projection over L2 inducing an isomorphism of groups
π2 : RL1/Q(G)(Q)→ G(L2).
Proof. We observe that (2) follows immediately from (1) and hence we proceed with a proof
for (1). Let U ′ := Zclφ(U(Q)). Then it is clear from (2) of Theorem 3.1 that U ′ is a unipotent
subgroup of G which is defined over Q. Thus, without loss of generality we may assume that G
is a unipotent group. Let n := dimU . Recall that there is Q-basis Y1, · · · , Yn in L(U)(Q) for
the Lie algebra L(U) such that the map E : L(U)→ U defined by
E(z1Y1 + · · ·+ znYn) := expU (z1Y1) · · · expU (znYn), (z1, · · · , zn) ∈ Qn
is an Q-isomorphism of Q-varieties L(U) and U . In particular, we have
U(Q) = {expU (t1Y1) · · · expU (tnYn)| (t1, · · · , tn) ∈ Qn }.
Now by Corollary 3.7 for each Yi there exists a nilpotent element Xi ∈ L(G)(Q) such that
φ(expU (sYi)) = expG(sXi), for all s ∈ Q. We next define the map ψ : U → G by
ψ(E(z1Y1 + · · ·+ znYn)) := expG(z1X1) · · · expG(znXn), (z1, · · · , zn) ∈ Qn.
As E : L(U)→ U is a Q-isomorphism of Q-varieties it follows that ψ : U → G is a Q-morphism
of varieties defined over Q. Moreover, it is clear that φ is the restriction of ψ to the subgroup
U(Q). Finally it remains to prove that ψ is a group homomorphism. This follows immediately
taking into account that φ : U(Q)→ G(Q) is a group homomorphism and the fact that U(Q) is
Zariski-dense in U . The uniqueness of ψ also follows from the Zariski-density of U(Q) in U . ✷
In [St, §6, p.5] it is proved that an abstract homomorphism φ : SLn(Q)→ GLm(C) is polyno-
mial, i.e., it is the restriction of an algebraic homomorphism from SLn(C) to GLm(C). In view
of this fact and Corollary 3.8 we have the following result.
Corollary 3.9. Let G and H be algebraic group over Q. Assume that H/Ru(H) is isomorphic
(as Q-algebraic groups) to SLn which is equipped with the usual Q-structure. Then for any
abstract homomorphism φ : H(Q) → G(Q) there is a unique algebraic Q-homomorphism ψ :
H → G such that φ is the restriction of ψ to H(Q).
4. Homomorphisms from unipotent and solvable groups
In this section we prove Theorem 1.1 on the abstract homomorphisms between unipotent
groups over general fields of characteristic zero. In view of Theorem 1.1 we then derive Lemma
4.4 to obtain Corollary 1.2. Theorem 1.3 is deduced independently in this section. We prove
Proposition 4.7 to deal with abstract homomorphism from solvable algebraic groups over certain
specific fields, which is then applied to establish Theorem 1.5. Recall that K stands for a number
field or a finite extension of Qp for a fixed prime p.
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We begin with some simple algebraic facts. Let L1,L2 be fields. Recall that Hom+(L1,L2)
stands for the space of abstract homomorphisms from L1 to L2 when L1,L2 are considered as
abelian groups with respect to the additions. We define the obvious actions of the fields L1,L2
on the abelian group Hom+(L1,L2) which make the latter vector spaces over both L1,L2. For
x ∈ L1, y ∈ L2 and λ ∈ Hom+(L1,L2) we define x · λ and y · λ by x · λ(z) := λ(xz) and
y · λ(z) := yλ(z) for all z ∈ L1. Note that for the sake of simplicity we used the same notations
to denote both the actions. Clearly the actions commute, that is, x · (y · λ) = y · (x · λ) for all
x ∈ L1, y ∈ L2 and λ ∈ Hom+(L1,L2). In particular, this yields a a natural ring homomorphism
Φ : L1 → EndL2(Hom+(L1,L2)) given by Φ(s)(λ) := s · λ, s ∈ L1, λ ∈ Hom+(L1,L2).
Lemma 4.1. Let L1,L2 be a pair of fields such that, for all n, the only ring homomorphism
from L1 to the ring Mn(L2) of n × n matrices over L2 is the trivial zero homomorphism. Let
δ, λi, µi; 1 ≤ i ≤ n be elements in Hom+(L1,L2) satisfying the relation
δ(st) =
n∑
i=1
λi(s)µi(t)
for all s, t ∈ L. Then δ = 0.
Proof. We consider the action of L1 on Hom+(L1,L2) as defined above. Let W1 be the L2-span
of the set { s · δ | s ∈ L1 }. Then the hypothesis imposed on δ implies that W1 is contained
in the L2-span of finitely many elements µ1, · · · , µn. In particular, dimL2W1 < ∞. Further
W1 is a L1-invariant subspace of the L2 vector space Hom+(L1,L2). Since dimL2W1 < ∞ the
ring homomorphism Φ : L1 → EndL2(Hom+(L1,L2)) induces a ring homomorphism Φ′ : L1 →
EndL2(W1), by restricting endomorphism Φ(·) to W1. Let l := dimL2W1. As a ring EndL2(W1)
is isomorphic to Ml(L2) and hence Φ
′(L1) = 0. This implies that s · δ = 0, for all s ∈ L. In
particular, δ = 0. ✷
We now give a proof of Theorem 1.1.
Proof of Theorem 1.1. We will prove the theorem by induction on the dimension of U . If
dimU = 1 then the group U(L1) is abelian and the statement follows trivially. Assuming that
the statement holds for all unipotent groups U ′ (defined over L1) with dimU
′ < dimU we will
prove it for U . As U is L1-split there are normal L1-closed subgroups Ui, 0 ≤ i ≤ n of U such
that
U = U0 ⊃ U1 ⊃ · · · ⊃ Un = {e}
with the property that Ui/Ui+1 is L-isomorphic to the one dimensional standard additive group
Ga (defined over L) and [U,Ui] ⊂ Ui+1 for all i = 0, · · · , n−1. This implies that there is a element
X0 ∈ L(U)(L1) such that if E := Zcl {expU (tX0) | t ∈ L1} then U(L1) = E(L1)U1(L). Now as
dimU1 < dimU , by induction hypothesis, the image φ(U1(L)) is an abelian subgroup of U˜(L2).
As [U1, U1](L1) = [U1(L1), U1(L1)] (see [F, Proposition 1.2]) it follows that φ([U1, U1](L1)) = {e}.
Consequently, the abstract homomorphism φ : U(L1)→ U˜(L2) factors through a homomorphism
φ˜ : U(L1)/[U1, U1](L1) → U˜(L2). By [F, Corollary 1.3.1] we have that U(L1)/[U1, U1](L1) is
isomorphic to the group (U/[U1, U1])(L1). We now divide the proof in two cases.
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Case 1: We first consider the case when dim [U1, U1] > 0. In this case, as dimU/[U1, U1] <
dimU , by induction hypothesis φ(U(L1)) = φ˜(U(L1)/[U1, U1](L1)) is an abelian group.
Case 2: We next consider the case when dim [U1, U1] = 0. Thus U1 is an abelian group.
Setting N := EU2 we see that dimN = dimU − 1. Then, by induction hypothesis, φ(N(L1)) =
φ(E(L1)U2(L1)) is an abelian subgroup of U˜(L2). In particular, φ([N(L1), N(L1)]) = {e}.
Further, as [E(L1), U1(L1)] ⊂ U2(L1) ⊂ N(L1), it follows that
(4.1) φ([E(L1), [E(L1), U1(L1)] ]) ⊂ φ([N(L1), N(L1)]) = {e}.
Let E˜ := Zclφ(E(L1)) and U˜1 := Zclφ(U1(L1)). It is clear that E˜, U˜1 are L2-closed abelian
subgroups of U˜ . Taking Zariski closure in the group U˜ , from the equality as in (4.1), it follows
that
(4.2) [E˜, [E˜, U˜1] ] = {e}.
Let v ∈ U1(L1) be an arbitrary element. As E(L1) and U1(L1) are abelian, to prove that
φ(U(L1)) is abelian it is enough to show that the subgroup φ(E(L1)) commutes with φ(v). Let
Y ∈ L(U1)(L1) be the (unique) element such that v = expU (Y ).
Let p := dimZclφ(E(L1)) and q := dimZclφ(U1(L1)). Let X˜1, · · · X˜p be a L2-basis of
L(E˜)(L2) and Y˜1, · · · , Y˜q be a L2-basis of L(U˜1)(L2). We now apply Lemma 3.6 to see that
there exist elements λ1, · · · , λp and µ1, · · · , µq in Hom+(L1,L2) such that, for all t, s ∈ L1,
(4.3) φ(expU (tX0)) = expU˜ (
p∑
i=1
λi(t)X˜i), φ(expU (sY )) = expU˜ (
q∑
j=1
µj(s)Y˜j).
Similarly, as L(E) normalises L(U1), there exist δ1, · · · , δq in Hom+(L1,L2) such that for all
s′ ∈ L2,
(4.4) φ(expU (s
′[X0, Y ])) = expU˜ (
q∑
k=1
δk(s
′)Y˜k).
Now we use (4.3) to see that
(4.5) φ(expU (tX0))φ(expU (sY ))φ(expU (tX0))
−1 = exp
U˜
(Ad(exp
U˜
(
p∑
i=1
λi(t)X˜i))
q∑
j=1
µj(s)Y˜j).
Now from (4.2) we see that [L(E˜), [L(E˜), L(U˜1)] ] = 0. Thus we have,
(4.6) [
p∑
i=1
λi(t)X˜i, [
p∑
i=1
λi(t)X˜i,
q∑
j=1
µj(s)Y˜j ] ] = 0.
Using the above equation (4.6) we see that
expU˜ (Ad(expU˜ (
p∑
i=1
λi(t)X˜i))
q∑
j=1
µj(s)Y˜j) = expU˜ (
q∑
j=1
µj(s)Y˜j + [
p∑
i=1
λi(t)X˜i,
q∑
j=1
µj(s)Y˜j]).
As before, since L(E˜) normalises L(U˜1), it follows that, for all i, j with 1 ≤ i ≤ p, 1 ≤ j ≤ q
there exist q elements aijl ∈ L2, 1 ≤ l ≤ q such that [X˜i, Y˜j ] =
∑q
l=1 aijlY˜l.
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Hence from the equalities (4.5), (4.7) we obtain
(4.7) φ(expU (tX0))φ(expU (sY ))φ(expU (tX0))
−1 = exp
U˜
(
∑
l
{µl(s) +
∑
i,j
aijlλi(t)µj(s)}Y˜l).
Now a simple computation of the left hand side of (4.7) yields
φ(expU (tX0))φ(expU (sY ))φ(expU (tX0))
−1 = φ(Ad(expU (tX0))sY )
= φ(expU (sY + ts[X0, Y ] +
∑
n≥1
(tns/n!)ad(X0)
nY )).(4.8)
As U1 is abelian the right-hand side of the above equation can be written as
(4.9) φ(expU ((sY + ts[X0, Y ]))φ(expU (
∑
n≥1
(tns/n!)ad(X0)
nY )).
Observe that
∑
n≥1(t
ns/n!)ad(X0)
nY ) lies in [L(N)(L1), L(N)(L1)]. This implies that the
element expU (
∑
n≥1(t
ns/n!)ad(X0)
nY ) belongs to the group [N(L1), N(L1)]. Hence appealing
to (4.1) we conclude that, for all s, t,
φ(expU (
∑
n≥1
(tns/n!)ad(X0)
nY )) = e.
As U1 is an abelian normal subgroup of U , from (4.9), we obtain
(4.10) φ(expU (tX0))φ(expU (sY ))φ(expU (tX0))
−1 = φ(expU (sY ))φ(expU (ts[X0, Y ])).
Now as U˜1 is abelian, using (4.10) and (4.4) we get that
(4.11) φ(expU (tX0))φ(expU (sY ))φ(expU (tX0))
−1 = exp
U˜
(
∑
l
{µl(s) + δl(ts)}Y˜l).
As exp
U˜
is a L2-isomorphism (of L2-varieties) from L(U˜ ) to U˜ and {Yl, |1 ≤ l ≤ q} is a
L2-basis for L(U˜ )(L2), comparing (4.7) and (4.11), we conclude that, for all l, 1 ≤ l ≤ q and for
all s, t ∈ L1,
δl(ts) =
∑
i,j
aijlλi(t)µj(s).
We now apply Lemma 4.1 to see δl = 0, for all l. In particular it follows that
φ(expU (tX0))φ(expU (Y ))φ(expU (tX0))
−1 = φ(expU (Y ))
for all t ∈ L1. In other words φ(expU (tX0)) commutes with φ(v), for all t ∈ L1. This completes
the proof of Theorem 1.1 ✷
Remark 4.2. Let L1,L2 be fields such that there is an embedding σ : L1 → Mn(L2) of rings, for
some n. Let U be a unipotent group over F1. Using σ we will now easily construct a unipotent
group U˜ over L2 and an abstract embedding η : U(L1)→ U˜(L2). We may assume that there is
a general linear group, say, GLm(L1) containing U as a unipotent Zariski-closed subgroup which
is defined over L1 (here GLm(L1) is equipped with its usual L1-structure so that the group
of L1-points is GLm(L1)). Now composing the ring embedding ησ : Mm(L1) → Mm(Mn(L2)),
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defined by the assignment ησ((aij)) := (σ(aij)), (aij) ∈ Mm(L1), with the obvious L2-algebra
isomorphism Mm(Mn(L2)) ≃ Mmn(L2) we obtain a ring embedding η : Mm(L1) → Mmn(L2).
It is immediate that η carries the unipotent elements of GLm(L1) to the unipotent elements in
GLmn(L2). Thus if U˜ := Zcl η(U(L1)) then U˜ is a unipotent group over L2 and the restriction η :
U(L1)→ U˜(L2) provides an abstract embedding. To see an immediate application of the above
construction in some specific situation we recall that there is an abstract embeddingQp →֒ C and
consequently there is a ring embedding Qp →֒ M2(R) (although the only ring homomorphism
from Qp to R is the zero homomorphism). Thus, in view of the above observations, it follows
that if U is a unipotent group over Qp then there are unipotent groups U1, U2 over C and R,
respectively, such that U(Qp) embeds abstractly in both the groups U1(C), U2(R).
Remark 4.3. Let L1,L2 be fields with CharL1 = CharL2 = 0 and U, U˜ be unipotent groups
over L1,L2, respectively. Let φ : U(L1) → U˜(L2) be an abstract homomorphism. Considering
the conjecture due to A. Borel and J. Tits in [B-T, §8.19] (see also the conjecture BT in [Ra,
§1]) we see that an exact analogue of the conjecture fails to hold if the groups in the domain and
the range are replaced by unipotent groups. However, in view of Theorem 1.1 and Remark 4.2
it will be very interesting to know if a description exists for a general abstract homomorphism
φ between the groups of rational points of unipotent groups, along the same line as the above
conjecture, involving a ring embedding of L1 in a finite dimensional algebra over L2 and an
abstract homomorphism from the abelian group U(L1)/[U(L1), U(L1)].
We need the following lemma to draw Corollary 1.2 from Theorem 1.1.
Lemma 4.4. Let L be a field and let L∗ be the multiplicative group of non-zero elements of L.
Assume that L∗ has a p-divisible element which is of infinite order. Let n be an integer. Then
any ring homomorphism ρ : L→ Mn(Qp) is trivial, that is, ρ(L) = 0. Thus,
(1) For an algebraically closed field L, any ring homomorphism ρ : L→ Mn(Qp) is trivial.
(2) Any ring homomorphism ρ : R→ Mn(Qp) is trivial.
(3) If l 6= p is a prime number then any ring homomorphism ρ : Ql → Mn(Qp) is trivial.
Proof. It is enough to show that there is a non-zero element w in the field L such that ρ(w) = 0.
Let t be a p-divisible element in the multiplicative group L∗ which is of infinite order. Clearly
ρ(t) is an element in GLn(Qp) which is a p-divisible element in GLn(Qp). Appealing to [Ch1,
Theorem 1.5] we see that there is a positive integer r such that ρ(t)r is a unipotent matrix in
GLn(Qp). In particular, as ρ is a ring homomorphism, we have that ρ((t
r − 1)2n) = 0. As t is
not of finite order tr − 1 6= 0. We choose w = (tr − 1)2n.
To prove (1) and (2) we need to exhibit an infinite order, p-divisible element in L∗, which is
immediate when L is either algebraically closed or L = R.
As above, to prove (3) we need to exhibit an infinite order, p-divisible element in Q∗l . Consider
the (multiplicative) group of units in the ring of integers Zl of Ql and define the subgroup Hl
by setting Hl := 1 + lZl. Then observe that Hl is a compact l-adic group and Ord(Hl) = l
∞.
Appealing to [Ch1, Theorem 3.3], as l 6= p, we see that the group Hl is p-divisible. It is clear
18 PRALAY CHATTERJEE
that there are at the most countably many of elements in Hl which are of finite order. On
the other hand Hl has uncountably many elements. This forces Hl to have uncountably many
elements which are p-divisible and of infinite order. ✷
Remark 4.5. We note that the assertion in Lemma 4.4 still holds if Qp replaced by a finite
extension or if the field L is replaced by a division ring D having the same property as that of
the field L, namely, the multiplicative group of invertible elements D∗ has a p-divisible element
of infinite order.
We next prove Theorem 1.3 regarding abstract homomorphism from a unipotent group to an
abstract group with smaller cardinality than that of the field over which the unipotent group is
defined.
Proof of Theorem 1.3. Before proceeding towards the proof we observe a simple fact on
nilpotent operators on finite dimensional vector spaces over the field L. Let V be a finite
dimensional vector space over L and let N ∈ EndL(V ) be a nilpotent operator of V . Let GL(V )
be the group of invertible elements in EndL(V ) and let Id denote the identity element. Then we
claim that if t ∈ L and t 6= 0 then
(4.12) (expGL(V)(N)− Id)V = (expGL(V)(tN)− Id)V.
To prove (4.12), as t 6= 0, it is enough to prove that (expGL(V)(tN)− Id)V ⊂ (expGL(V)(N)−
Id)V . Note that, for any integer r > 0 one has expGL(V)(rN) = expGL(V)(N)
r and in particular,
(expGL(V)(rN)− Id)V =
(expGL(V)(N)− Id)(expGL(V)((r − 1)N) + · · ·+ Id)V ⊂ (expGL(V)(N)− Id)V.(4.13)
Let Ga be the standard one-dimensional unipotent group over L. As N is nilpotent, for any
v ∈ V the map λv : Ga(L)→ V defined by λv(t) := (expGL(V)(tN)−Id)v, t ∈ L, is algebraic (and
defined over L). Further, by the inclusion as in (4.13), it follows that λv(r) ∈ (expGL(V)(N)−Id)V
for all r ∈ N. Hence, as N is Zariski-dense in L, we conclude that λv(t) ∈ (expGL(V)(N)− Id)V
for all t ∈ L. This proves the claim.
We will now get back to the proof of theorem. We will prove the theorem by induction on
the dimension of U . In the case when dimU = 1 the group U(L) is abelian and the statement
follows trivially. We next assume that the statement holds for all unipotent groups U ′ defined
over L such that dimU ′ < dimU . We will prove that the statement holds for U . As U is L-split
there is a normal L-subgroup U1 of U such that U/U1 is L-isomorphic to the one-dimensional
additive group Ga (defined over L). This says that there is a element X0 ∈ L(U)(L) such
that if E denotes the Zariski closure of the one-parameter subgroup {expU (tX0) | t ∈ L} then
U(L) = E(L)U1(L). Now as dimU1 < dimU , by induction hypothesis, the image φ(U1(L)) is
an abelian subgroup of H. Hence it is enough to prove that if g ∈ E(F) and g is not the identity
element of U(L) then the element φ(g) commutes with φ(U1(L)). As the cardinality of L is
strictly greater than that of H there is a t0 6= 0 such that φ(expU(t0X0)) = e, where e denotes
the identity element of H. Setting X1 := t0X0 we see that E(F) = {expU (tX1) | t ∈ L}. Let
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s ∈ L such that g = expU (sX1). As g is not the identity element of U(L) it is immediate that
s 6= 0. We apply (4.12) to see that
(4.14) (Ad(expU (X1))− Id)L(U1)(L) = (Ad(expU (sX1))− Id)L(U1)(L).
It follows from [F, Proposition 1.2] that [U1, U1](L) = [U1(L), U1(L)]. In view of this fact,
exponentiating both sides of the equation (4.14) we get that, for any Y ∈ L(U1)(L) there is a
h ∈ [U1(L), U1(L)] and Z ∈ L(U1)(L) such that
(4.15) [g, expU (Y )] = [expU (X1), expU (Z)]h.
As φ(U1(L)) is abelian φ(h) = e and as φ(expU (X1)) = e it follows from the equation (4.15)
that φ(g) commutes with φ(expU (Y )) for all Y ∈ L(U1)(L). In particular, φ(g) commutes with
all of φ(U1(L)). This completes the proof of Theorem 1.3. ✷
We next turn our attention to images of solvable algebraic groups under abstract homomor-
phisms. We first observe a short but convenient lemma.
Lemma 4.6. Let L be a field with CharL = 0 and G be an algebraic group over L. Let
g, u ∈ G(L) be unipotent elements and m 6= 1 be an integer such that gug−1 = um. Then u = e.
Proof. Recall that expG : NG → UG is a L-isomorphism between the variety of nilpotent
elements NG of L(G) and the variety of unipotent elements UG of G. Thus there is a nilpotent
element X ∈ L(G)(L) such that exp(X) = u. Now the hypothesis in the lemma implies that
expG(Ad(g)X) = expG(mX).
In particular, as expG : NG → UG is a isomorphism of L-varieties, it follows that Ad(g)X = mX.
As Ad(g) is a unipotent operator of L(G) and as m 6= 1 we conclude that X = 0. In other words,
we have, u = e. ✷
Proposition 4.7. Let G be a linear algebraic group defined over K. Let L be a field, B be a
(Zariski-)connected solvable group over L and φ : B(L)→ G(K) be an abstract homomorphism.
Let T be a maximal L-torus of B. Let M ⊂ Ru(B) be a normal L-subgroup of B such that
B = ZB(T )M and M ∩ ZB(T ) = e. Then φ(M(L)) = e in the following three cases.
(1) L is algebraically closed field with CharL = 0.
(2) L = R.
(3) l is a prime with l 6= p, L = Ql and B is Ql-split.
Proof. Let B′ = B/[Ru(B), Ru(B)]. It is clear that Ru(B
′) is abelian. Let π : B → B′ be the
natural quotient homomorphism. Let M ⊂ Ru(B) be as in the statement of the proposition.
We set T ′ := π(T ) and M ′ := π(M). Clearly T ′ is a maximal L-torus of B′ and moreover,
B′ = ZB′(T
′)M ′. It is not difficult to see that π(ZB(T )) = ZB′(T
′) and ZB′(T
′) ∩M ′ = e.
As Ru(B) is unipotent, appealing to Corollary 1.2, we see that, when L is either an alge-
braically closed field or the field of real numbers R or the l-adic field Ql, l 6= p, the image
φ(Ru(B)(L)) is an abelian subgroup of G(K). Thus the homomorphism φ factors through and
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abstract homomorphism φ′ : B(L)/[Ru(B), Ru(B)](L) → G(K). It follows from [F, Lemma
2.3] that the groups B′(L) and B(L)/[Ru(B), Ru(B)](L) are isomorphic. Thus to prove that
φ(M(L)) = e it is enough to show that φ′ : (M ′(L)) = e. Consequently, without loss of general-
ity, we may further assume that Ru(B) is abelian.
We now consider three cases according as L is either algebraically closed or L = R or L =
Ql, l 6= p and B is Ql-split.
Case 1: We assume that L is algebraically closed. We decompose L(M)(L) as L(M)(L) =
L(M)χ1(L) + · · · + L(M)χk(L) where χi, 1 ≤ i ≤ k are distinct (multiplicative) algebraic char-
acters on T (L) and L(M)χi(L), 1 ≤ i ≤ k is the non-zero subspace of L(M)(L) on which an
element z ∈ T (L) acts by multiplication by χi(z). Since T (L) does not fix non-zero elements
in L(M)(L) it follows that χi 6= 1 for all 1 ≤ i ≤ k. To prove that φ(M(L)) = e it is enough
to show that φ(expRu(B)(L(M)χi(L))) = e, for all 1 ≤ i ≤ k. We consider X ∈ L(M)χi(L).
As χi 6= 1 there is a t ∈ T (L) such that χi(t) = −1. Thus t expRu(B)(X)t−1 = expRu(B)(X)−1.
Applying φ we obtain φ(t)φ(expRu(B)(X))φ(t)
−1 = φ(expRu(B)(X))
−1. As both t, expRu(B)(X)
are divisible elements it follows that both φ(t), φ(expRu(B)(X)) are unipotent elements in G(K).
Thus, appealing to Lemma 4.6 we get that φ(expRu(B)(X)) = e.
Case 2: We assume that L = R. We first write T = TaTs where Ta is the R-anisotropic
part of T and Ts is the R-split part of T . As Ts is R-split we we decompose L(M)(R) as
L(M)(R) = L(M)χ1(R) + · · · + L(M)χk(R) where χi, 1 ≤ i ≤ k are distinct (multiplicative)
algebraic characters on Ts and L(M)χi(R), 1 ≤ i ≤ k is the subspace of L(M)(R) on which an
element z ∈ Ts(R) acts by multiplication by χi(z). As in Case 1, it is enough to prove that
φ(expRu(B)(L(M)χi(R))) = e, for all 1 ≤ i ≤ k. We need to consider two cases.
First assume that χi 6= 1. Recall that Ts(R)∗ denotes the connected component of Ts(R)
in the topology induced by R. As χi 6= 1 we may choose an integer m 6= 1 and t ∈ Ts(R)∗
such that χi(t) = m. Thus Ad(t)v = mv, for all v ∈ L(M)χi(R). Hence t expRu(B)(v)t−1 =
(expRu(B)(v))
m. Recall that Ts(R)
∗ is a divisible group. Thus both t, expRu(B)(X) are divis-
ible elements and it follows that both φ(t), φ(expRu(B)(X)) are unipotent elements in G(K).
Appealing to Lemma 4.6 we get that φ(expRu(B)(X)) = e.
We next assume that χi = 1. Thus Ts(R) acts trivially on L(M)χi(R). It is clear that
L(M)χi(R) remains invariant under the action of the compact part Ta(R). Since no non-zero
vector in L(M)χi(R) remains fixed by all the elements in T (R) it is immediate that Ta(R)
has no non-zero fixed point in L(M)χi(R). Since Ta(R) is compact abelian we may further
decompose L(M)χi(R) into Ta(R)-irreducible components as L(M)χi(R) = V1 + · · · + Vl. To
prove φ(expRu(B)(L(M)χi(R))) = e it is now enough to show that φ(exp(Vj)) = e, for each
1 ≤ j ≤ l. As Ta(R) is compact, connected and abelian it is a direct product of circle groups and
hence one of the direct factor, say C, of Ta(R) acts non-trivially on Vj. In particular there is an
element c ∈ C such that Ad(c)v = −v, for all v ∈ Vj. Hence c expRu(B)(v)c−1 = expRu(B)(v)−1,
for all v ∈ Vi Now as Ta(R) is a divisible group it follows that φ(c) is divisible element in G(K).
We use (3) of Theorem 3.1 to see that φ(c) is a unipotent element in G(K). Analogously, it
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is clear that φ(expRu(B)(v)) is unipotent, for all v ∈ Vj . We now use Lemma 4.6 to see that
φ(expRu(B)(v)) = e, for all v ∈ Vj
Case 3: We assume that L = Ql and B is Ql-split. As B is Ql-split the torus T is Ql-split.
For an integer r we define Wr := 1 + l
2+rZl ⊂ Q∗l . Let Gm be the standard one-dimensional
L-split torus and and let Gnm be the product of n copies of Gm, where n := dimT . We first fix
a Ql-isomorphism λ : G
n
m → T and define T (Wr) := λ(W nr ). It is easy to see that T (Wr) is a
pro-l group and in particular Ord(T (Wr)) = l
∞. As l 6= p using [Ch1, Lemma 3.2] the group
T (Wr) is p-divisible. We now appeal to Proposition 3.5 to conclude that Zclφ(T (W1)) = FU
′
where F is a finite abelian group, U ′ is a unipotent group and F normalises U ′. Further we
may assume that F is an abstract quotient of the group T (W1). Hence using Theorem 2.6 we
see that Ord(F ) = ls for some integer s. Thus it follows that φ(Pls(T (W1))) ⊂ U ′(K), where
Pls : T (W1) → T (W1) is the ls-th power map. In particular it follows that if z ∈ T (Ws) then
φ(z) is a unipotent element in G(K).
We next give an argument similar to that of the previous two cases. As T is Ql-split, we
decompose L(M)(Ql) as L(M)(Ql) = L(M)χ1(Ql) + · · ·+ L(M)χk(Ql) where χi, 1 ≤ i ≤ k are
distinct (multiplicative) algebraic characters on T and L(M)χi(Ql), 1 ≤ i ≤ k is the subspace
of L(M)(Ql) on which an element z ∈ T (Ql) acts by multiplication by χi(z). Since T (Ql) does
not fix non-zero elements in L(M)(Ql) it follows that χi 6= 1 for all 1 ≤ i ≤ k. As before it
is enough to prove that φ(expRu(B)(L(M)χi(Ql)) = e. Since χi 6= 1 it is not difficult to see
that there is an integer m 6= 1 and t ∈ T (Ws) such that χ(t) = m. Thus Ad(t)v = mv, for all
v ∈ L(M)χi(R). Hence t expRu(B)(v)t−1 = (expRu(B)(v))m. As both φ(t) and φ(expRu(B)(v))
are unipotent elements in G(K) we appeal to Lemma 4.6 to conclude that φ(expRu(B)(v)) = e,
for all v ∈ L(M)χi(Ql). This completes the proof. ✷
We need to recall a result is due to A. Borel and T. Springer which ensures existence of a
subgroup M of B as in Proposition 4.7.
Theorem 4.8. (Borel-Springer [B-S, Lemma 9.7, p. 487]) Let B be a connected solvable group
over L and T be a L-torus of G. Let Ru(B) be the unipotent radical of B. Then B has a normal
L-subgroup M contained in Ru(B) such that B = ZB(T )M and M ∩ ZB(T ) = e.
We now apply Proposition 4.7 and Theorem 4.8 to deduce Theorem 1.5.
Proof of Theorem 1.5. Using Proposition 4.7 we first prove that φ(B(L)) is abelian in all
the three cases. Let T be a maximal L-torus of B. Let M be the normal L-closed subgroup
of B as given in Theorem 4.8. Then B = ZB(T )M and moreover B(L) = ZB(T )(L)M(L).
Appealing to Proposition 4.7 we see that φ(B(L)) = φ(ZB(T )(L)). Hence it is enough to prove
that φ(ZB(T )(L)) is abelian. One may further write ZB(T ) = TZRu(B)(T ) and in particular,
ZB(T )(L) = T (L)ZRu(B)(T )(L). Now we apply Corollary 1.2 to see that φ(ZRu(B)(T )(L)) is
abelian (and unipotent). As both φ(ZRu(B)(T )(L)), φ(T (L)) are abelian subgroups and as
ZRu(B)(T )(L) commutes with T (L) it is clear that φ(ZB(T )(L)) is abelian. Thus in all the three
cases φ(B(L)) is abelian.
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It now remains to prove (1) and (2). To prove (1) observe that, as T (L) is divisible, the
group φ(T (L)) is unipotent and in particular φ(B(L)) is unipotent. We prove (2) analogously,
by noting that T (R)∗ is a divisible group.
This completes the proof of Theorem 1.5. ✷
5. Homomorphisms from non-solvable groups
This section is devoted to studying abstract group homomorphisms from the groups of rational
points of non-solvable algebraic groups. One of the goals in this section is to give proofs of
Theorem 1.4, Theorem 1.6, Theorem 1.8, Theorem 1.9, Theorem 1.10 and Theorem 1.11. As
mentioned in §1, we fix a prime number p and K will always denote a number field or a finite
a extension of Qp. We begin this section by formulating general results in Proposition 5.1 and
in Corollary 5.2 concerning abstract homomorphisms between groups of rational points over
algebraic groups over general fields, which are devised with the aim of proving Theorem 1.4.
As immediate consequences we also obtain Corollary 5.3, Corollary 5.5 and Corollary 5.6. The
proof of Proposition 5.1 follows applying the landmark Theorem 2.2 due to Borel and Tits, and
the celebrated result (4) of Theorem 2.3 due to Tits.
Proposition 5.1. Let L1,L2 be fields such that L1 is infinite and L2 is perfect. Let H and
G be algebraic groups over L1 and L2, respectively. Moreover assume that H is L1-isotropic
and absolutely simple. Let φ : H(L1)
+ → G(L2) be an abstract group homomorphism. If φ is
non-trivial then there exist
(1) a finite extension K2 of L2 and a field homomorphism α : L1 → K2 and
(2) a surjective algebraic group homomorphism µ : Zclφ(H(L1)
+) → RK2/L2(αH/Z(αH))
over L2
such that π ◦ µ ◦ φ = δ ◦ α0, where δ : αH → αH/Z(αH) is the homomorphism from the group
to the quotient, and π : RK2/L2(αH/Z(αH))→αH/Z(αH) is the natural projection over K2 which
induces the isomorphism between RK2/L2(αH/Z(αH))(L2) andαH/Z(αH)(K2) when π is restricted
to the former.
Proof. Let A := Zcl (φ(H+(L1))). In the case when CharL1 = 0 we see in the following
elementary way that A Zariski-connected. Let A0 be the Zariski connected component of the
identity element. As H+(L1) is generated by unipotent elements of H(L1) it is enough to show
that, for any unipotent element u ∈ H(L1) the element φ(u) lies in A0. Note that, as u is
unipotent and CharL1 = 0, for any integer n there is a v ∈ H(L1) such that u = vn. Thus
φ(u)A0 has a n-th root for any integer n in the finite group A/A0. This implies that φ(u) ∈ A0.
Hence A = A0. Now the general case, when L1 is assumed only to be infinite, follows from [B-T,
Proposition 7.2 (i), p. 539].
We now assume that φ is non-trivial and then arrive at the conclusion. Clearly the group
A is defined over L2 and, moreover, as L2 is perfect it follows that Ru(A) is defined over L2.
We now consider the reductive algebraic group A/Ru(A) which has a L-structure induced from
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that of A. Using (4) Theorem 2.3, we have [H(L1)
+,H(L1)
+] = H(L1)
+. Thus non-triviality
of φ implies that A is non-solvable. In particular dimA/Ru(A) > 0. It is now easy to see
that [A/Ru(A), A/Ru(A)] = A/Ru(A). This follows from the fact that [H(L1)
+,H(L1)
+] =
H(L1)
+ and that ν ◦ φ(H(L1)+) is Zariski dense in A/Ru(A), where ν : A → A/Ru(A) is the
quotient homomorphism over L2. Thus A/Ru(A) is in fact a semisimple group over L2. Let
S be a non-trivial L2-simple factor of A/Ru(A). It is a standard fact that, taking quotient of
A/Ru(A) by the product of all the L2-simple factors of A/Ru(A) (if any) other than S, one
would obtain a surjective algebraic group homomorphism over L2, say, λ˜ : A/Ru(A)→ S/Z(S).
We now consider the surjective algebraic group homomorphism over L2, say, λ : A → S/Z(S)
defined by λ := λ˜ ◦ ν. As S/Z(S) is L2-simple there exists a finite extension K2 of L2 and
an absolutely simple and adjoint K2-algebraic group B such that S/Z(S) = RK2/L2(B). Let
π′ : RK2/L2(B) → B be the projection homomorphism which is defined over K2 such that
π′ : RK2/L2(B)(L2) → B(K2) is an isomorphism of abstract groups. We consider the abstract
homomorphism π′ ◦ λ ◦ φ : H(L1)+ → B(K2), and observe that, as λ ◦ φ(H(L1)+) is Zariski-
dense in S/Z(S) so is π′ ◦ λ ◦ φ(H(L1)+) in B. We now appeal to the Theorem 2.2 to get a
field homomorphism α : L1 → K2 and a K2-isogeny γ : αH → B such that π′ ◦ λ ◦ φ = γ ◦ α0.
Recall that δ : αH → αH/Z(αH) denotes the usual quotient homomorphism. As B is adjoint
there is a K2-isomorphism, say, γ¯ :
αH/Z(αH) → B such that γ¯ ◦ δ = γ. Let RK2/L2(γ¯) :
RK2/L2(αH/Z(αH)) → RK2/L2(B) be the L2-isomorphism such that π ◦ γ¯ = RK2/L2(γ¯) ◦ π′. We
now compete the proof by setting µ := RK2/L2(γ¯)−1 ◦ λ ◦ φ. ✷
The next result gives a necessary restriction on the dimensions on groups involved for the
existence of non-trivial abstract homomorphisms.
Corollary 5.2. Let L1,L2 be fields such that L1 is infinite and L2 is perfect. Let H and
G be algebraic groups over L1 and L2, respectively. Assume that H is L1-isotropic and ab-
solutely simple. Further assume that there exists a non-trivial abstract group homomorphism
φ : H(L1)
+ → G(L2).
(1) Then dimG/R(G) ≥ dimH.
(2) Moreover, if L1 does not embed in L2 then dimG/R(G) ≥ 2dimH.
Proof. We use Proposition 5.1 and the notation involved therein. Using Proposition 5.1 we
see that there exist a finite extension K2 of L2 and a field homomorphism α : L1 → K2 and
a surjective algebraic group homomorphism µ : Zclφ(H(L1)
+) → RK2/L2(αH/Z(αH)) over L2
such that π ◦ µ ◦ φ = δ ◦ α0, where δ : αH → αH/Z(αH) is the homomorphism from the group
to the quotient. As µ is surjective the existence of a non-trivial abstract group homomorphism
φ : H(L1)
+ → G(L2) implies
(5.1) dimG ≥ dimZclφ(H(L1)+) ≥ dimRK2/L2(αH/Z(αH)) = [K2 : L2]dimH ≥ dimH.
Now from (4) Theorem 2.3, we have [H(L1)
+,H(L1)
+] = H(L1)
+. This in turn implies that
the abstract group homomorphism φ : H(L1)
+ → G(L2) is non-trivial if and only if the abstract
group homomorphism θ ◦ φ : H(L1)+ → G/R(G)(L2) is non-trivial, where R(G) is the solvable
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radical of G and θ : G → G/R(G) is the natural quotient homomorphism. Hence replacing G
by G/R(G) in (5.1) we see that the existence of a non-trivial abstract group homomorphism
φ : H(L1)
+ → G(L2) implies
dimG/R(G) ≥ [K2 : L2]dimH ≥ dimH.
Thus (1) is proved. The proof of (2) now follows immediately from the above inequalities by
noting that if L1 does not embed in L2 then [K2 : L2] ≥ 2. ✷
In the following corollary we show that equality of dimensions of the groups in the domain
and in the range gives strong conclusions on the structure of non-trivial abstract homomorphism
which, in particular, implies the Zariski-density of the image.
Corollary 5.3. Let L1,L2 be fields such that L1 is infinite and L2 is perfect. Let H and G be
connected algebraic groups over L1 and L2, respectively. Assume that H is L1-isotropic, abso-
lutely simple and that dimG = dimH. If there exists a non-trivial abstract group homomorphism
φ : H(L1)
+ → G(L2) then
(1) Zcl (φ(H+(L1))) = G,
(2) G is absolutely simple.
Consequently, if H is simply connected or Z(G) = e, by Theorem 2.2, there exists a unique field
homomorphism α : L1 → L2, an isogeny β : αH → G of L2-algebraic groups such that
φ(g) = β(α0(g)), for all g ∈ G1(L1).
Proof. As above we use Proposition 5.1 and the notation involved therein. As before, appeal-
ing to Proposition 5.1 we see that there exist a finite extension K2 of L2 and a field homo-
morphism α : L1 → K2 and a surjective algebraic group homomorphism µ : Zclφ(H(L1)+) →
RK2/L2(αH/Z(αH)) over L2 such that π ◦ µ ◦ φ = δ ◦ α0, where δ : αH → αH/Z(αH) is the
homomorphism from the group to the quotient. Now in view of (5.1) and the hypothesis
dimG = dimH it follows that Zcl (φ(H+(L1))) = G and [K2 : L2] = 1. In particular,
RK2/L2(αH/Z(αH)) = αH/Z(αH) and µ : G → αH/Z(αH) is a surjective homomorphism of al-
gebraic groups over L2. As dim
αH/Z(αH) = dimH = dimG it follows that dimkerµ = 0. In
particular, kerµ is a finite central subgroup of G. Thus, as αH/Z(αH) is absolutely simple, so is
G. This completes the proof of (1) and (2). ✷
Remark 5.4. In [Che, Theorem 1], when |L1| > 5 and L2 arbitrary, all non-trivial abstract
homomorphism φ : SL2(L1) → GL2(L2) are classified, and it is proved that, given any such φ,
there exists a field homomorphism α : L1 → L2 and A ∈ SL2(L2) such that φ(X) = AαXA−1,
for all X ∈ SL2(L1), where αX denotes the matrix obtained by applying α to all the entries in
X. In [Che, Corollary 2.6] it is also proved that, if L1,L2 are arbitrary fields with L1 infinite
then the image of any non-trivial homomorphism from SL2(L1) to SL2(L2) is Zariski dense. By
the well-known fact (see [J, Lemma 2, p. 377]), as |L1| > 5, the commutator [SL2(L1),SL2(L1)]
coincides with SL2(L1), and in particular, φ(SL2(L1)) ⊂ SL2(L2). It is also well-known that
SL2(L1) = SL2(L1)
+; see [J, Lemma 1, p. 376]. In view of the above two facts the Corollary 5.3
generalises [Che, Theorem 1, Corollary 2.6] in the case when L1 is infinite and L2 is perfect.
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We next record an immediate consequence of the above result on the non-trivial abstract
endomorphisms.
Corollary 5.5. Let L1 be a field such that L1 is infinite and perfect and let H be an algebraic
group over L1 such that H is L1-isotropic, absolutely simple. Moreover, assume that H is either
simply connected or Z(H) = e. Let φ : H(L1)
+ → H(L1)+ be a non-trivial abstract group
homomorphism. Then there exists a unique field homomorphism α : L1 → L1, an isomorphism
β : αH → H of L1-algebraic groups such that
φ(g) = β(α0(g)), for all g ∈ H(L1)+.
Consequently, if L1 is a finite extension of Q then φ is an isomorphism, and moreover, if L1 = Q
then φ is the restriction of an algebraic isomorphism ψ : H → H which is defined over Q.
Proof. This follows immediately from Corollary 5.3 and the fact that if H is simply connected
or adjoint then so is αH and consequently, an isogeny β : αH → H is an isomorphism. ✷
Corollary 5.6. Let L1,L2 be fields such that L1 is infinite and L2 is perfect. Assume further that
L1 can not be embedded in any finite extension of L2. Let H be a L1-simple L1-isotropic group
and G be any algebraic group over L2. Then any abstract homomorphism φ : H(L1)
+ → G(L2)
is trivial
Proof. The proof follows immediately from Proposition 5.1 and the fact that there is a finite
separable extension K1 of L1 and an absolutely simple group E over K1 such that H(L1)
+ ≃
E(K1)
+. ✷
Proof of Theorem 1.4. To prove the first statement in (1) we apply Proposition 5.1 by setting
L1 := L and L2 := C. The second statement in (1) now follows from (1) of Corollary 5.2.
To prove the first statement of (2) we again apply Proposition 5.1, as above. We set L1 := L
and L2 := R. Then, as L has no embedding in R, the proof is completed by the immediate
conclusion that K2 = C. The second statement in (2) now follows from (2) of Corollary 5.2. ✷
We next study homomorphisms from real Lie groups and proceed towards proving Theorem
1.6. We first need to establish an analogue of the complete Jordan decomposition for real Lie
group H which are covering groups of A(R)∗ for some algebraic group A defined over R. We
remark that Lemma 5.7 is also established in [B1, Corollary 2.5.] with the additional restriction
that H is a finite cover of A(R)∗. In this set-up an analogous fact is proved in [Ch2, Example
4.11] on the usual Jordan decomposition of H.
Lemma 5.7. Let H be a real Lie group and A be an algebraic group defined over R. Let
η : H → A(R)∗ be a covering group homomorphism. Let h ∈ H. Then there a unique pair of
elements s,w ∈ H with the following property
(1) h = sw = w s.
(2) w ∈ expH ◦dη−1(PL(A(R)∗)) and η(s) = η(h)e
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Proof. Let us denote PH := expH ◦dη−1(PL(A(R)∗)). Using Lemma 2.1 we first conclude
that η(PH) = PL(A(R)∗) and that η : PH → PL(A(R)∗) is a bijection. The uniqueness of the
decomposition of h is clear from this bijection. It now remains to show the existence. Observe
that there is unique w ∈ PH such that η(w) = η(h)p. Clearly η(h)e = η(s′) for some s′ ∈ H.
Hence there is a γ ∈ ker η ⊂ Z(H) so that h = γs′w. We set s := γs′. It is enough to show that
sws−1 = w. It is easy to see that PH is an invariant subset under conjugation action of H on
itself. In view of the bijection η : PH → PL(A(R)∗) we need to show that η(sws−1) = η(w). It is
now immediate that η(sws−1) = η(h)eη(h)pη(h)
−1
e = η(h)p = η(w). ✷
We need the following well-known result.
Theorem 5.8. (cf. [Ho, Theorem 1.2, p 189]) Let B be a connected real Lie group. Then Z(B)
is contained in a closed, connected abelian subgroup of B.
An immediate known consequence of the above result is that Z(B) ⊂ expB(L(B)).
Proof of Theorem 1.6. We will divide the proof of the first part into three cases.
Case 1: We first prove the theorem in the case when the group H is a covering group of A(R)∗
for some algebraic group A defined over R.
It is enough to prove that for any element h ∈ H the element φ(h) is a unipotent element
in G(K). Let η : H → A(R)∗ be a covering homomorphism. In view of Lemma 5.7 there exist
a unique pair of elements s,w ∈ H such that h = sw = w s, w ∈ expH ◦dη−1(PL(A(R)∗)) and
η(s) = η(h)e. As φ(h) = φ(s)φ(w) and as φ(s), φ(w) commute it is enough to show that both
φ(s), φ(w) are unipotent elements in G(K).
As w = expH(X) for some X ∈ dη−1(PL(A(R)∗)), it follows immediately that w is a divisible
element in H. Hence φ(w) ∈ G(K) is a divisible element. Now we use Theorem 3.2 to conclude
that φ(w) ∈ G(K) is a unipotent element.
We next recall that η(s) = η(h)e lies in a maximal compact subgroup of A(R)
∗. As any
maximal compact subgroup of A(R)∗ is connected there is a Y ∈ L(H) such that η(s) =
η(expH(Y )). Hence s = γ expH(Y ) for some γ ∈ ker η ⊂ Z(H). Using Theorem 5.8 it follows
that γ ∈ H is divisible and in particular φ(γ) ∈ G(K) is divisible. We now use Theorem 3.2
to conclude that φ(γ) ∈ G(K) is a unipotent element. Again arguing as above we see that
φ(expH(Y )) ∈ G(K) is a unipotent element. Clearly, φ(expH(Y )) and φ(γ) commute and in
particular it follows that φ(s) = φ(γ)φ(expH(Y )) is a unipotent element.
Case 2: We now consider the case when H is connected solvable group. Let n := dimH. We
need the fact from [V, Theorem 3.18.11, p. 243] that there exits Lie subgroups H1, · · · ,Hn and
one parameter Lie subgroups C1, · · · , Cn such that H1 = C1, Hn = H and Hi = C1 · · ·Ci, for
all 1 ≤ i ≤ n. We may further assume that Hi is normal in Hi+1, for all 1 ≤ i ≤ n + 1. In
particular Hi+1 = Ci+1Hi, for all 1 ≤ i ≤ n+ 1.
We will prove that for all i the group Zclφ(Hi) is a unipotent group. Clearly as Cj is one
parameter group, for all j, it is divisible and thus using Theorem 3.2 we conclude that Zclφ(Cj)
is a unipotent subgroup. In particular Zclφ(H1) is a unipotent subgroup. Fixing a i we now
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assume Zclφ(Hi) is a unipotent group and will show that Zclφ(Hi+1) is a unipotent group. As
Hi is normal in Hi+1 it follows immediately that Zclφ(Ci+1) normalises Zclφ(Hi). Therefore,
as Zclφ(Ci+1 is unipotent subgroup, we see that Zclφ(Ci+1)Zclφ(Hi) is a unipotent subgroup.
Finally, as Zclφ(Hi+1) ⊂ Zclφ(Ci+1)Zclφ(Hi), we conclude that Zclφ(Hi+1) is a unipotent
group.
Case 3: We now consider the general case when H is a arbitrary connected Lie group. Let
R(H) be the radical of H. Thus R(H) is the maximal connected normal solvable subgroup of H.
Then we have a (semisimple)Levi subgroup M of H such that G = M R(H); see [V, Theorem
3.18.13]. As M is semisimple it is covering group of A(R)∗ for some algebraic group defined
over R. So appealing to Case 1 we get that φ(M) lies in a unipotent subgroup of G. Now the
property M = [M,M ] implies that φ(M) = e. So φ(H) = φ(R(H)). Now appealing to Case 2
we conclude that Zclφ(H) = Zclφ(R(H)) is a unipotent group in G.
This completes the proof of the first part.
Now if H ′ is an algebraic group defined over R then the semisimple Levi decomposition says
that there is a semisimple algebraic subgroup S over R such that H ′ = SR(H ′) where R(H)
is the solvable radical of H ′. Thus H ′(R)∗ = S(R)∗R(H ′)(R)∗. As S(R)∗ is a real semisimple
Lie group φ(S(R)∗) = e. Hence φ(H ′(R)∗) = φ(R(H ′)(R)∗). Now as R(H ′) is solvable algebraic
group over R it follows from (2) of Theorem 1.5 that φ(R(H ′)(R)∗) is abelian. This completes
the proof of the theorem ✷
We now prove Theorem 1.8 on abstract homomorphisms from algebraic group over alge-
braically closed fields of arbitrary characteristic.
Proof of Theorem 1.8. Proof of (1): Let B be a Borel subgroup of H. Then using (1)
of Theorem 1.5 it follows that Zclφ(B) is a unipotent subgroup of G. Now let h ∈ H be a
arbitrary element. Then there is a α ∈ H such that αhα−1 ∈ B. So from the above φ(αhα−1)
is a unipotent element in G, which in turn implies that φ(h) is a unipotent element. This forces
Zclφ(H) to be a unipotent subgroup of G. Now as in the last part of proof of Theorem 1.6
we see that φ(H) = φ(R(H)) where R(H) is the solvable radical of H. Now we apply (1) of
Theorem 1.5 to see that φ(H) is abelian.
Proof of (2): First note that this follows immediately from Proposition 5.1, which is a conse-
quence of the Theorem 2.2. We next give another proof which is does not use Proposition 5.1,
and thus it is independent of Theorem 2.2. We divide the proof in two cases according to the
characteristic of the field L.
We consider the case when CharL = 0. Using part (1) we see that Zclφ(H) is a unipotent
subgroup of G. But as H is semisimple H is perfect, that is, [H,H] = H. As Zclφ(H) is
nilpotent as a group it is now clear that φ is trivial.
We consider the case when CharL > 0. Let CharL = q. First observe that there is an integer
r such that for any unipotent element u ∈ H one has uqr = e. Let B be a Borel subgroup of H.
As in the proof of (1) we will prove that Zclφ(B) is a unipotent subgroup of G. As before, let T
be a maximal torus of B and U be the unipotent radical of B. As T is divisible, using Theorem
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3.2 we conclude that Zclφ(T ) is a unipotent subgroup of G. On the other hand, we have
Zclφ(U) ⊂ { g ∈ G | gpr = e }.
Hence all the elements of Zclφ(U) are of order dividing pr. Recall that in an algebraic group
over an algebraically closed field of characteristic zero if all the elements are of finite order then it
must be a finite group. Thus Zclφ(U) is a finite group. Note that Zclφ(T ) normalises Zclφ(U).
As Zclφ(T ) is a unipotent subgroup of G and CharK = 0 it follows that Zclφ(T ) is a connected
group. This implies that Zclφ(T ) centralises Zclφ(U). In particular for all t ∈ T, u ∈ U the
elements φ(t) and φ(u) commute.
Now consider the root system of H with respect to the maximal torus T . Let X(T ) be
the group of characters of T and let ∆ ⊂ X(T ) be the set of positive roots induced by the
Borel subgroup B. For λ ∈ ∆ let the associated root-group in U be denoted by Uλ. It is
straightforward, as also shown in the proof of [K-M, Theorem A], that if x ∈ Uλ then there
elements t, s ∈ T such that
(5.2) sxs−1 = x−1txt−1.
Since φ(x) and φ(t) commute, from the equation (5.2) we conclude that φ(x) = e. Now since
the roots groups Uλ, for λ ∈ ∆, generate U it follows that φ(U) = e. Thus Zclφ(B) = Zclφ(T )
is a unipotent group. By arguing as in (1) we see that Zclφ(H) is a unipotent group. Now as
[H,H] = H it is clear that φ is trivial. ✷
Let l be a prime so that l 6= p. We now consider abstract homomorphisms from the groups of
rational points over Ql to the groups of rational points over Qp. We first deal with the groups
of rational points of Ql-isotropic semisimple groups proving Theorem 1.9. We give two proofs;
one using Corollary 5.5 and Lemma 4.4, and the other using the well-known Jacobson-Morozov
theorem (cf. Theorem 2.4) and Proposition 4.7 (3).
Proof of Theorem 1.9. We begin by proving φ(H+(Ql)) = e which can be carried out in two
different ways.
To see the first proof, using Lemma 4.4, we observe that, if l 6= p then Ql can not be embedded
in any finite extension of Qp. In view of this the proof follows immediately from Corollary 5.5.
To see the second proof we note that, as H+(Ql) is generated by unipotent elements of
H(Ql) it is enough to prove φ(u) = e for any non-trivial unipotent element u ∈ H(Ql). Using
Jacobson-Morozov theorem (see Theorem 2.4) it follows that there is an abstract homomorphism
δ : SL2(Ql)→ H(Ql) such that
δ(
(
1 1
0 1
)
) = u.
Let B be the subgroup of SL2(Ql) consisting of upper triangular matrices. Then using Propo-
sition 4.7 (3) we see that φ ◦ δ(B) = e. In particular we have φ(u) = e. Thus φ(H+(Ql)) = e.
Proof of (1): This follows immediately from the fact that if H is simply connected then
H(Ql) = H
+(Ql); see Theorem 2.3 (3).
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Proof of (2): To prove (2) we just need to recall that when H is a semisimple group over Ql
then the quotient group H(Ql)/H
+(Ql) is a finite abelian group; see Theorem 2.3 (2). ✷
We next give proof of Theorem 1.10. As SL1(D) is the group of rational points of a Ql-
anisotropic algebraic group we need to employ results from [Ch1] to handle this situation.
Proof of Theorem 1.10. We start with certain facts regarding a specific filtration of SL1(D)
which asserts that there are subgroups {Ui}∞1=0 of SL1(D) with U0 = SL1(D), Ui+1 ⊂ Ui, for all
i such that Ui is a normal open subgroup of SL1(D) for all i. This filtration was investigated
in [Ri] but the relevant details can also be found in [Ch1, Section 4] or in [P-R, Section 1.4, p.
27-33]. We further recall the facts that U0/U1 is a cyclic group and, for all i ≥ 1, the group
Ui/Ui+1 is isomorphic to the additive group of some finite dimensional vector spaces over certain
finite extensions of the finite field Z/lZ. Moreover, form the proof of [Ch1, Proposition 4.4] it
follows that
|Ui/Ui+1| = lrd, if i 6≡ 0 (mod d)
and |Ui/Ui+1| = lr(d−1), if i ≡ 0 (mod d).
In particular, the group U1 is prosolvable as well as pro-l. Since l 6= p, using [Ch1, Theorem 3.3],
we conclude that Pp : U1 → U1 is surjective. This is the same as saying that U1 is p-divisible.
We now appeal to Proposition 3.5 to see that Zclφ(U1) = FW for some finite group F ⊂ G(K)
and a unipotent K-subgroupW of G which is normalised by F . It further follows that that F is
a (abstract) quotient group of the group φ(U1) and hence a quotient of U1. As U1 is prosolvable,
applying Theorem 2.7, we see that F is a finite solvable group. Thus Zclφ(U1) = FW is a
solvable algebraic group. We define the derived series of U1 by C1 := U1 and Cj := [Cj−1, Cj−1]
for all j ≥ 2. As U1 is normal in SL1(D) so are the subgroups Cj, for all j ≥ 2. Moreover, it is
clear that Cj is non-central in SL1(D), for all j ≥ 1. Hence by Theorem 2.5 it follows that Cj
is open for all j ≥ 1. Clearly as Zclφ(U1) is a solvable algebraic group there is an integer r ≥ 1
such that φ(Cr) = (e). Now as Cr ⊂ kerφ and as Cr is open the group ker φ is also an open
subgroup. Thus the group the quotient U0/ ker φ is finite and in particular we have that φ(U0)
is a finite group. We now use Theorem 2.7 to see that φ(U0) is a finite solvable group. Recall
that by [Ch1, Proposition 4.4] we have that
(5.3) Ord(SL1(D)) = (1 + l
r + · · ·+ (lr)d−1)l∞.
Applying Theorem 2.6 to the equality in (5.3) we conclude that the order of the group φ(U0)
divides the integer (1 + lr + · · ·+ (lr)d−1)l∞. Thus |φ(U0)| divides (1 + lr + · · ·+ (lr)d−1)lm, for
some integer m. This completes the proof. ✷
Remark 5.9. The methods of the proof of Theorem 1.10 also apply to establish the following
result. Let H be a profinite group and φ : H → G(K) be an abstract group homomorphism.
Assume that H admits an open prosolvable subgroup H1 such that Ord(H1) is prime to p and
that the derived series of H1, defined inductively by C1 := H1 and Cj := [Cj−1, Cj−1] for all
j ≥ 2, consist of open subgroups. Then φ(H) is a finite subgroup of G(K).
We now club Theorem 1.9 and Theorem 1.10 to deduce Theorem 1.11.
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Proof of Theorem 1.11. Proof of (1): We first assume that H is simply connected. Then
H is Ql-isomorphic to a direct product of finitely many Ql-simple simply connected groups
H1, · · · ,Hn. In particular H(Ql) is isomorphic to the direct product H1(Ql)×· · ·×Hn(Ql). We
next recall the well known fact that if A is a simply connected, Ql-simple, Ql-anisotropic group
then A(Ql) is isomorphic to SL1(D) for some central division algebra D over a finite extension
of Ql. In view of this fact, for the Ql-anisotropic factors in the above decomposition, we use
Theorem 1.10 and for the Ql-isotropic factors we use Theorem 1.9 to conclude that φ(H(Ql)) is
a finite solvable subgroup of G(K).
We now deal with the general case. Let H˜ be the simply connected covering group over Ql
and π : H˜ → H be the covering homomorphism defined over Ql. Then using Corollary 2 of
Section 5.6 and Proposition 43 of Section 5.7 of [Se2] we have an exact sequence :
1→ Kerπ(Ql)→ H˜(Ql) pi−→ H(Ql)→ H1(Ql,Kerπ),
where H1(Ql,Kerπ) denotes the first Galois-cohomology group of the Galois group Gal(Ql|Ql)
with coefficients in the finite abelian group Kerπ. As H1(Ql,Kerπ) is finite abelian so is the
quotient group H(Ql)/π(H˜(Ql)). Now by the first case as above φ◦π(H˜(Ql)) is a finite solvable
subgroup of G(K). This leads us to conclude that φ(H(Ql)) is a finite solvable subgroup of
G(K).
Proof of (2): The first statement of (2) follows from the (semisimple)-Levi decomposition of
H. Let L be a semisimple Levi subgroup of H defined over Ql. Then H(Ql) = L(Ql)R(H)(Ql).
Now applying (1) we see that φ(L(Ql)) is (finite)-solvable. This proves the first statement as
R(H)(Ql) is a solvable group.
To prove the second part of (2) we see that if L is as above then H(Ql) = L(Ql)Ru(H)(Ql).
Now it follows from Corollary 1.2 that Zclφ(Ru(H)(Ql)) is abelian and unipotent. This com-
pletes the proof. ✷
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